Abstract. Let X be a Noetherian separated scheme of finite Krull dimension. We show that the layers of the slice filtration in the motivic stable homotopy category SH are strict modules over Voevodsky's algebraic cobordism spectrum. We also show that the zero slice of any commutative ring spectrum in SH is an oriented ring spectrum in the sense of Morel, and that its associated formal group law is additive. As a consequence, we get that with rational coefficients the slices are in fact motives in the sense of Cisinski-Déglise [1], and have transfers if the base scheme is excellent. This proves a conjecture of Voevodsky [24, conjecture 11].
Introduction
Let X be a Noetherian separated scheme of finite Krull dimension, and M X be the category of pointed simplicial presheaves in the smooth Nisnevich site Sm X over X equipped with the Quillen model structure [16] introduced by Morel-Voevodsky [7] . We define T in M X as the pointed simplicial presheaf represented by S 1 ∧ G m , where G m is the multiplicative group A 1 X − {0} pointed by 1, and S 1 denotes the simplicial circle. Let Spt(M X ) denote the category of symmetric T -spectra on M X equipped with Jardine's motivic model structure [4] . The homotopy category of Spt(M X ) is a triangulated category which will be denoted by SH.
Given an integer q ∈ Z, we consider the following family of symmetric T -spectra
| n, r, s ≥ 0; s − n ≥ q; U ∈ Sm X } where F n is the left adjoint to the n-evaluation functor
Voevodsky [24] defines the slice filtration as the following family of triangulated subcategories of SH
where Σ q T SH ef f is the smallest full triangulated subcategory of SH which contains C q ef f and is closed under arbitrary coproducts.
It follows from the work of Neeman [8] , [9] that the inclusion
has a right adjoint r q : SH → Σ q T SH ef f , and that the following functors f q : SH → SH s q : SH → SH are triangulated, where f q is defined as the composition i q • r q , and s q is characterized by the fact that for every E ∈ Spt(M X ), we have the following distinguished triangle in SH
T f q+1 E We will refer to f q E as the (q −1)-connective cover of E, and to s q E as the q-slice of E. It follows directly from the construction that the q-slice of E is right orthogonal with respect to Σ q+1 T SH ef f , i.e.
Strict M GL-modules
In this section we will show that all the slices have a canonical structure of strict modules in Spt(M X ) over Voevodsky's algebraic cobordism spectrum.
Let A be a cofibrant ring spectrum with unit in Spt(M X ), and A-mod be the category of left A-modules in Spt(M X ). The work of Jardine [4, proposition 4.19] and Hovey [3, corollary 2.2] implies that the adjunction
is a weak equivalence or a fibration if and only if U f is a weak equivalence or a fibration in Spt(M X ).
It is easy to see that the homotopy category
Definition 2.1. Let E be a spectrum in SH. We say that E is effective if E belongs to the triangulated category Σ 0 T SH ef f defined above.
Theorem 2.2. Let A be an effective cofibrant ring spectrum with unit
is an isomorphism in SH, then for every q ∈ Z the functor
Proof. This follows directly from [13, (Voevodsky) . Let M GL denote Voevodsky's algebraic cobordism spectrum [23] . We have that M GL is effective and its unit map u MGL : 1 → M GL induces an isomorphism on the zero slices in SH
Now we can state the main result of this section.
Theorem 2.4. Let q ∈ Z denote an arbitrary integer and E denote an arbitrary symmetric T -spectrum in Spt(M X ). We have that the q-slice s q E of E is equipped with a canonical structure of M GL-module in Spt(M X ). This implies that over any base scheme, the slices are always oriented cohomology theories in the sense of Déglise [2, example 2.12(2)].
Proof. This follows immediately from theorem 2.2 and proposition 2.3.
Remark 2.5. One of the interesting consequences of theorem 2.4 is the fact that over any Noetherian separated base scheme of finite Krull dimension, once we pass to the slices it is possible to apply all the formalism developed by Déglise in [2] , e.g. Chern classes and the Gysin triangle.
Oriented Ring Spectra and Formal Group Laws
In this section we will show that given a commutative ring spectrum E in SH, its zero slice s 0 E is an oriented ring spectrum (in the sense of Morel [21, definition 3.1]) with additive formal group law in SH. To simplify the notation we will denote by P n the trivial projective bundle of rank n over our base scheme X.
Definition 3.1. Let E be a commutative ring spectrum in SH with unit
We say that E is an oriented ring spectrum if there exists an element
, where P ∞ is the colimit of the diagram
given by the inclusions of the respective hyperplanes at infinity, such that x E pulls back to the following composition
The following proposition is classical.
Proposition 3.2 (cf. [14] , [15] , [21] ). Let (E, x E ) be an oriented ring spectrum in SH, and let m : P ∞ × P ∞ → P ∞ be the map induced by the corresponding Segre embeddings. The pullback of x E along m, is a formal group law
where the coefficients c ij are elements in the abelian group
and x (resp. y) is the pullback of x E along the projection in the first factor p 1 :
Lemma 3.3. Let E be a commutative ring spectrum in SH with unit u E : 1 → E, then its zero slice s 0 E is also a commutative ring spectrum in SH, and the induced map
is a map of ring spectra in SH.
Proof. The fact that s 0 E is a ring spectrum in SH follows from [13, theorem 3.6.13], on the other hand the naturality of the pairings constructed in [13, theorem 3.6.9] implies that s 0 E is also commutative in SH and that s 0 (u E ) is a map of ring spectra in SH. 
Proof. By proposition 2.3 we have that M GL is naturally isomorphic to f 0 M GL in SH. On the other hand, theorem 3.6.10(3) in [13] implies that π MGL 0 is a map of ring spectra in SH.
Theorem 3.5. Let E be a commutative ring spectrum in SH. Then its zero slice s 0 E is an oriented ring spectrum in the sense of Morel and it is equipped with a canonical orientation given by the following composition
/ / s 0 E Furthermore, the associated formal group law F s0E of s 0 E is additive.
Proof. 
is additive, as we wanted.
Applications
In this section we will show that with rational coefficients all the slices s q (E)⊗1 Q are in a natural way motives in the sense of Cisinski-Déglise [1] ; as a consequence we will get that over an excellent base scheme the presheaves of rational rigid homotopy groups have transfers, this proves a conjecture of Voevodsky [24, conjecture 11].
4.1. Slices and the Cisinski-Déglise category of motives. Let H B,X = KGL X is excellent. Then the presheaves of rigid homotopy groups of E with rational coefficients π rig p,q (E) ⊗ Q have transfers. Proof. Clearly, it suffices to show that s q (E) ⊗ 1 Q has transfers. Now, theorem 4.2 implies that s q (E) ⊗ 1 Q is in DM B,X . Since we are assuming that X is excellent, theorem 15.1.2 in [1] implies that DM B,X is naturally equivalent to the category of motives DM qfh,X constructed using qf h-sheaves with rational coefficients. Thus, the result follows from theorem 3.3.8 in [22] (see also proposition 9.5.5 in [1] ) which implies than every qf h-sheaf is canonically equipped with transfers.
Remark 4.4. Theorem 4.3 was proved using the functoriality of the slice filtration in [12, theorem 4.4] for schemes defined over a field of characteristic zero; on the other hand, if the base scheme X is smooth over a perfect field k, then theorem 4.3 holds even with integral coefficients (cf. [13, theorem 3.6.22] ). Both proofs rely on the computation of Levine [5] and Voevodsky [25] for the zero slice of the sphere spectrum, as well as on the work of Röndigs-Østv aer [18] .
The analogue of this question for the category of S 1 -spectra is studied by Levine in [6] .
